In this article we extract soft distribution functions for Drell-Yan and Higgs production processes using mass factorisation theorem and the perturbative results that are known upto three loop level. We find that they are maximally non-abelien. We show that these functions satisfy Sudakov type integro differential equations. The formal solutions to such equations and also to the mass factorisation kernel upto four loop level are presented. Using the soft distribution function extracted from Drell-Yan production, we show how the soft plus virtual cross section for the Higgs production can be obtained. We determine the threshold resummation exponents upto three loop using the soft distribution function.
The Drell-Yan(DY) production of di-leptons and Higgs boson production play crucial role in the hadronic colliders. The di-lepton production can not only serve as a luminosity monitor but also provide vital information on physics beyond standard model at present collider Tevatron at Fermi-Lab and future Large Hadron Collider (LHC) which is going to be up at CERN in few years. Higgs production at such colliders will establish the Standard Model(SM) as well as beyond SM Higgs [1, 2] . From the theoretical side, the DY production of di-leptons and Higgs boson production are known upto Next to Next to leading order(NNLO) level in QCD. For DY at NLO level, see [3] and for the Higgs production at NLO level, see [4] [5] [6] . The NNLO contribution to DY can be found in [7] [8] [9] . Beyond NLO, the Higgs production cross sections are known only in the large top quark mass limit. For the NNLO soft plus virtual part of the Higgs production, see [10, 11] and the full NNLO for the Higgs production can be found in [12] [13] [14] . Apart from these fixed order results, the resummation programs for the threshold corrections to both DY and Higgs productions have also been very successful [15, 16] . For next to next to leading logarithmic (NNLL) resummation, see [17, 18] . Due to several important results at three loop level that are available in recent times [19] - [24] , the resummation upto N 3 LL has also become reality [25] [26] [27] .
With all these new results in both fixed order as well as resummed calculations, one is now able to unravel the interesting structures in the perturbative results (for example: [34] [35] [36] ). Along this line, in this paper, we extract the soft distribution functions of Drell-Yan and Higgs production cross sections in perturbative QCD and show that they do not depend on the process under consideration. By that we mean that the soft distribution function of Drell-Yan production can be got entirely from the Higgs production by a simple multiplication of the colour factor C F /C A . We prove this for the pole parts upto three loop level and for the finite part we could show only to those terms that are not proportional to δ(1 − z) because the three loop finite part proportional to δ(1 − z) is not available yet and can be obtained only from the explicit fixed order computation of bremsstrahlung contribution. The extraction of the soft distribution function is achieved with the help of mass factorisation theorem supplemented by the recent developments in the computation of three loop anomalous dimensions, three loop form factors of quark and gluon operators and two loop bremsstrahlung contributions to Drell-Yan and Higgs productions. We discuss the consequences of our observation in the determination of soft plus virtual cross sections and the threshold resummation exponents. A brief account on the soft and jet distribution functions and the resummation exponents relevant for deep inelastic scattering (DIS) is given.
We start by writing the partonic cross section aŝ
with the normalisation,σ sv I,born = δ(1 −z). The symbol sv means that we restrict to only the soft and virtual contributions to the partonic cross sectionsσ sv I . In the above equation we have introduced a "C ordered exponential" which has the following expansion:
1
The function f (z) is a distribution of the kind δ(1 − z) and D i , where
and the symbol ⊗ means the Mellin convolution. The letters q and g stand for Drell-Yan(DY) and Higgs(H) productions respectively. q 2 (= −Q 2 ) is the invariant mass of the final state (di-lepton pair in the case of DY and single Higgs boson for the Higgs production). z is the scaling variable defined as the ratio of q 2 overŝ, whereŝ is the center of mass of the partonic system. F I (â s , Q 2 , µ 2 ) are the form factors that enter in the Drell-Yan(for I = q) and Higgs(for I = g) production cross sections. 
whereĝ s is the strong coupling constant which is dimensionless in n = 4 + ε, with n being the number of space time dimensions. The scale µ comes from the dimensional regularisation in order to make the bare coupling constantĝ s dimensionless in n dimensions.
The bare coupling constantâ s is related to renormalised one by the following relation:
The scale µ R is the renormalisation scale at which the renormalised strong coupling constant a s (µ R ) is defined.
is the spherical factor characteristic of n-dimensional regularisation.
The fact thatâ s is independent of the choice of µ R leads to the following renormalisation group equation (RGE) for the coupling constant:
where
The solution to the above equation is given by
The renormalisation constant Z(µ 2 R ) relates the bare coupling constantâ s to the renormalised one a s (µ 2 R ) through the eqn. (5) . The coefficients β 0 and β 1 are
where the color factors for SU (N) QCD are given by
and n f is the number of active flavours. In the case of the Higgs production, the number of active flavours is five because the top degrees of freedom is integrated out in the large m top limit.
The factors Z I (â s , µ 2 R , µ 2 , ε) are the overall operator renormalisation constants. For the vector current Z q (â s , µ 2 R , µ 2 ) = 1, but the gluon operator gets overall renormalisation [28] given by
The bare form factorsF I (â s , Q 2 , µ 2 ) (before performing overall renormalisation) of both fermionic and gluonic operators satisfy the following integro differential equation that follows from the gauge as well as renormalisation group invariances [29] [30] [31] [32] . In dimensional regularisation,
where K I contains all the poles in ε. On the other hand, G I collects rest of the terms that are finite as ε becomes zero. In other words G I contains only non-negative powers of ε. SinceF I is RG invariant, we find
The quantities A I are the standard cusp anomalous dimensions and they are expanded in powers of renormalised strong coupling constant a s (µ 2 R ) as
The total derivative is given by
The RGE of K I can be solved in powers of bare coupling constantâ s as
where,
Similarly RGE for G I can also be solved and the solution is found to be
The integral in the above equation can be performed and it is found to be
The finite function G I (a s (Q 2 ), 1, ε) can also be expanded in powers of a s (Q 2 ) as
After substituting these solutions in the eqn. (13) and performing the final integration, we obtain the following solution
whereL
The above result is in agreement with [21] , which was evaluated using various algorithms designed for solving nested sums. The cusp anomalous dimensions A I i and G I i (ε) are known upto order a 3 s . The cusp anomalous dimensions are maximally non-abelien and hence satisfy the following relation:
The coefficients G I i (ε) can be found for both I = q and I = g in [22] to the required accuracy in ε. They satisfy
The constants B I i are also known upto order a 3 s thanks to the recent computation of three loop anomalous dimensions/splitting functions [19, 20] .
The constants f I i are analogous to the cusp anomalous dimensions A I i that enter the form factors. It was first noticed in [33] that the single pole (in ε) of the logarithm of form factors upto two loop level (a 2 s ) can be predicted due the presence of these constants f I i because they are found to be maximally non-abelien obeying the relation
similar to A I i . In [22] , this relation has been found to hold even at the three loop level. The partonic cross sectionsσ sv I (z, q 2 , µ 2 R ) is UV finite after the coupling constant and overall operator renormalisations are performed using Z(µ 2 R ) and Z I (µ 2 R ). But they still require mass factorisation in order to remove the collinear divergences:
with µ F being the factorisation scale. The resulting coefficient functions
are finite and free of collinear singularities.
The coefficient functions ∆
sv,(i) I
for i = 1, 2 are known(see [4] to [14] ). The partial result for ∆
sv,(3) I
(i.e., all D i except δ(1 − z) are known for i = 3) is also available(see [25] ).
The kernel Γ(z, µ 2 F , ε) satisfies the following renormalisation group equation:
The P(z, µ 2 F ) are well known Altarelli-Parisi splitting functions(matrix valued) known upto three loop level [19, 20] :
The diagonal terms of splitting functions P (i) (z) have the following structure
reg,II are regular when the argument takes the kinematic limit(here z → 1). The RGE of the kernel can be solved in dimensional regularisation in powers of strong coupling constant. Since we are interested only in the soft plus virtual part of the cross section, only the diagonal parts of the kernels contribute. In the MS scheme, the kernel contains only poles in ε. Expanding the kernel in powers of bare couplingâ s ,
we can solve the RGE for the kernel. The solutions in the MS scheme are given by
It
is still unknown). The fact that ∆ sv I are finite in the limit ε → 0 implies that the soft distribution functions have pole structure in ε similar to that of F I and Γ II . Also, Φ I (â s , q 2 , µ 2 , z) satisfy the renormalisation group equation:
From the above observations, it is natural to expect that the soft distribution functions also satisfy Sudakov type integro differential equation that the form factorsF I (Q 2 ) satisfy(see eqn. (13)). Hence,
where again K I contains all the singular terms and G I are finite functions of ε. The renormalisation group invariance leads to
If Φ I (â s , q 2 , µ 2 , z, ε) have to contain the right poles to cancel the poles coming fromF I ,Z I and Γ II in order to make ∆ sv I finite, then A I have to satisfy
The above relation along with the renormalisation group invariance implies that
Now it is now straight forward to determine all G I (a s (q 2 ), 1, z, ε) from the available informations. The functions G I (a s (q 2 ), 1, z, ε) can be expanding in powers of a s (q 2 ) as
The
we find the solution:
The finite functions G I i (z, ε) can be obtained using the mass factorisation formula by demanding the finiteness of the coefficient functions ∆
sv,(i) I
. The RG invariance of theses soft functions and the simple rescaling q → (1 − z)q imply that the following expansion is also the solution to the integro differential equation:
The z independent constants G I (ε) inφ I,(i) (ε) can be obtained using the form factors, mass factorisation kernels and coefficient functions ∆
sv,(i−1) I
expanded in powers of ε to the desired accuracy. This is achieved by comparing the poles as well as non-pole terms in ε ofφ I,(i) (ε) with those coming from the form factors, overall renormalisation constants and splitting functions and the lower order ∆
. We find 
where C I = C F for I = q(DY) and C I = C A for I = g(Higgs).
Using such compensatingφ I,(i) (ε) and the following expansion,
we obtain G I i (z, ε) upto three loop level. We find that the finite functions G I i (z, ε) have the following decomposition in terms of cusp anomalous dimension A I i and f I i that appear in the form factors:
where 
In the above equation δg g,2 2 , δg g,1 3 are not known because the full fixed order N 3 LO computation for the soft part of the cross section is not available yet.
With the available informations(ignoring δg
3 ), we find that the soft distribution functions for DY and Higgs productions are maximally non-abelien:
upto three loop level. At the cross section level(∆ sv I ), this property does not show up because of the form factors which do not have this property. The overall factors C F and C A ordinate from the leading order contributions to the soft distribution functions. Hence if you factor out this colour factor (C F for the DY and C A for the Higgs) we find that the soft distribution functions are universal.
The universality of the soft distribution functions can be understood if you notice that the soft part of the cross section is always independent of the spin, colour, flavour or any other quantum numbers after factoring out the born level cross section. It depends only on the gauge interaction, here it is SU (N). This universal property can be utilised to compute soft part of the any new cross section where incoming particles carry any spin,colour,flavour or other quantum numbers. For example, if we know Φ(â s , q 2 , µ 2 , z, ε) extracted from the Drell-Yan production results, we can predict the
for the Higgs production using mass factorisation formula provided we know the gluon form factor F g (â s , Q 2 , µ 2 , ε) and the overall renormalisation constant Z g (â s , µ 2 R , µ 2 , ε). The soft plus virtual part of the cross section (∆ sv I (z, q 2 , µ 2 R , µ 2 F )) using mass factorisation formula is found to be
is a finite distribution. The µ R dependence comes from the coupling constant and operator renormalisation:
In the above equation "C ln" means the "convolution ordered" logarithm. All the products of distributions in the logarithmic expansion are understood as Mellin convolutions. The distribution
is regular as ε → 0. The soft plus virtual cross section can be obtained by expanding
where we have set µ R = µ F and expressing a s (µ 2 F ) in terms of a s (µ 2 R ) is straightforward. We find that the cross sections ∆ sv I (z, q 2 , µ 2 F ) can be obtained using
Notice that Ψ I, (1) and Ψ I, (2) are completely known. Using our Ψ I, (1) , and Ψ I, (2) we could successfully reproduce soft plus virtual cross section ∆ sv,(i) g (z, q 2 , µ 2 F ) (see [10, 11] ) (i = 1, 2) of the Higgs production from that of DY [8] either from DY or Higgs production because these constants are maximally non-abelien. Notice that these constants appear only in the coefficient (3) . Since the coefficients of D i (i = 0, 1, 2, 3) in Ψ I, (3) do not depend on these unknown constants G I, (1) 3 and G I, (2) 2 , we can predict these coefficients(say for the Higgs production) by using the universal soft distribution function extracted from a process(say DY), the three loop form factors and the renormalisation constants. Our prediction agrees with the partial N 3 LO soft plus virtual results [25] for DY and Higgs productions.
With these available informations one can also determine all the quantities upto N 3 LL level in the threshold resummation. To do this, we first recollect that the soft distribution function is renormalisation group invariant. Its UV divergence can be removed by the coupling constant renormalisation. This introduces a renormalisation scale µ R which is arbitrary to all orders in perturbation theory. In order to compute various quantities in the threshold resummation formula from the soft distribution function, we choose µ R = µ F . With this choice, one can express the soft distribution function as a sum of pole and finite parts in ε as ε → 0, that is
With this decomposition, it is now straightforward to identify the finite part Φ I f in with the threshold resummation formula as
where the subscript S in H I S indicates that it comes from the soft part of the cross section. The remaining contribution comes from the form factor. D I (a s (q 2 (1 − z) 2 )) can be expanded in powers of bare coupling constantâ s as follows:
1 From the available informations on three loop results, we find that the following result holds 
with ) and the complete soft information of ∆ sv,(i−1) I (i.e., the coefficients of all D i and δ(1 − z) are needed).
Finally, the coefficient of δ(1 − z) in the resummation formula can be obtained from Φ I f in by defining the coupling constant at the scale µ 2 F . The result is
and
The remaining contribution to the exponent comes from the the finite part of form factor.
We conclude our discussion on this subject with a brief discussion on the corresponding soft as well as jet distribution functions that appear in deep inelastic scattering. The soft plus virtual coefficient function c sv I,2 (Q 2 , z) that appear in the hadronic structure function F 2 can be expressed as
where Φ I SJ (â s , Q 2 , µ 2 , z, ε) is sum of soft and jet distribution functions. We find that this soft plus jet distribution function also satisfies Sudakov type integro differential equation (see eqn. (35) ) which can be solved in the same way we solved soft distribution functions. We find that this soft plus jet 
it is now straightforward to identify the finite part Φ I SJ, f in with the DIS threshold resummation formula as 
The resulting B q DIS,i s agree with those given in [23] . To summarise, we have extracted the soft distribution function Φ I using mass factorisation formula for both Drell-Yan as well as Higgs productions within the framework of perturbative QCD. This is possible now thanks to various three loop results available for the form factors and splitting functions. The Φ I is known completely upto two loop level. Except the soft bremsstrahlung contributions proportional to δ(1 − z) (at three loop level), all the other soft terms(D i ) are known for the soft distribution functions Φ I upto three loop level. We have also shown that the soft distribution functions satisfy Sudakov type integro-differential equation that the quark and gluon form factors satisfy. We found that they are process independent. In other words, knowing the soft distribution function of the Drell-Yan process, one can obtain the same for the Higgs production by simply multiplying the colour factor combination C A /C F . Hence, unlike the cross sections ∆ sv I , these soft distribution functions are maximally non-abelien. Notice that the form factors have this property only at the pole level. Using the universal soft distribution function extracted from DY production, we could reproduce the soft plus virtual cross section for the Higgs production using the gluon form factor and its renormalisation constant. We have also shown how these soft distribution functions are related to threshold resummation formula. We have extracted various coefficients appearing in threshold resummation formula upto three loop level using the soft distribution function. We have also discussed the DIS soft and jet distribution functions in the present context.
